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PARAMETERS OF PLANE SEPARATED FLOW 
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Data of computer calculations are presented for the paraineters of 
motion of a compressible gas in the self-similar mrbulent mixing 
zone following separation from a solid surface. Two kinds of bound- 
ary condition are examined. On the basis of the integral relations, 
a calculation is made of d~e influence of the momentum thickness 
of dm initial boundary layer. The results obtained may be used for 
calculating "closed" and "ope~T' stagnant zones in various problems. 

In a n u m b e r  of gasdynamie  p r o b l e m s  involv ing  
supe r son i c  flow over  s teps  and f ia t - faced  bodies,  and 
d i scha rge  of a jet into a dead space,  etc. ,  the flow 
is  d e t e r m i n e d  by tu rbu l en t  mix ing  of the sepa ra t ed  
s t r e a m  with the med ium of the s tagnant  zone. The 
flow in the mix ing  zone may be cons ide red  se l f -  
s i m i l a r  except for two r eg ions - - t he  separa ted  flow 
reg ion  in the p r e s e n c e  of an in i t i a l  boundary  l ayer ,  
and the a t t achment  r eg ion  of the sepa ra t ed  flow. 

F o r  a s e l f - s i m i l a r  r eg ion  of flow of a e o m p r e s -  
s i n e  gas,  va lues  have been given by Neiland and 
Taganov [1] of the bas ic  p a r a m e t e r  of the s tagnant  
zone, ve loci ty  on the dividing s t r e a m l i n e  as a func-  
t ion of Math  n u m b e r  of the ex te rna l  z e r o - g r a d i e n t  
flow. It was shown, m o r e o v e r ,  that there  exis t s  a 
s p e c t r u m  of so lu t ions  of the equat ions  of tu rbu len t  
motion,  cove r ing  the whole range  of separa ted  zone 
opening angle f rom the m i n i m u m  to ~r/2. 

In [2] Kors t  inc luded a n o n - s e l f - s i m i l a r  sepa ra ted  
region  in his examinat ion .  By in t roduc ing  a n u m b e r  of 
a s sumpt ions ,  the p rob lem of the ground p r e s s u r e  was 
r e p r e s e n t e d  in c losed form.  Solutions were  found 

du 0eu 
for the approx imate  equat ion of mot ion  u . . . . . . .  

().v " 0!1 ~ 
Allowance for  the inf luence  of the in i t i a l  boundary  
l aye r  was made by in t roduc ing  a funct ionf($)  into 
the t u rbu l en t  v i s cos i t y  e x p r e s s i o n  a = a0f(~). Then 
the funct ion f i t se l f  r e m a i n s  unknown and addi t ional  
e x p e r i m e n t a l  inves t iga t ions  a re  r e q u i r e d  to d e t e r -  

mine  it. 
In the p r e s e n t  pape r  a so lu t ion  has been  obtained 

for the comple te  equat ion of mot ion  for plane flow 
of a tu rbu len t  c o m p r e s s i b l e  gas in the s i tua t ion  of 
the T o l l m i e n  and Dem 'yanov-Shmanenkov  [3] p rob-  
l ems  in the whole mix ing  r eg ion  with i0 = const  and 

Pr  T = 1. 
The bas ic  equat ions  d e s c r i b i n g  plane t u rbu l e n t  

mot ion  of a c o m p r e s s i b l e  gas have the form 

du 0u () T 
t~ - I v  . . . .  (1) 

(Lv 0!t 0!/ ' 

()l,u df)v  .) �9 o. ( 2 )  

d.v Off 

Usual ly ,  in so lv ing  (1) use is made of the P rand t l  

f o r m u l a  for the shea r  s t r e s s  in the form 

., / &z '~ -'~ 
' 

where l = x/~r ~ b 
By use of the t r a n s f o r m a t i o n  

Y 
~ =  _ _  : d e /  

0 

and by in t roduc ing  the re la t ive  veloci ty  u / u ~  = F T in 
the t u rbu l en t  mix ing  zonel it is easy to obtain an o r -  
d inary  d i f fe rent ia l  equat ion f rom (1) and (2): 

d J:i: ( r,_)"I.,,,lF,,i } - 2 F F " = 0 .  (3) 

The plus s ign mus t  be taken when F" > 0, and the 
minus  when F ~ < 0. 

The r e l a t ive  dens i ty  p / p  ~ ,  a s s u m i n g  cons tan t  
s tagna t ion  enthalpy both in the z e r o - g r a d i e n t  reg ion  
and in the mix ing  zone, depends only on F ~ and the 
Croeco coeff ic ient ,  

~,,o~ = (: - -  C~-~)/(1-- I-"~oQ). 

The boundary  condi t ions  of the T o l l m i e n  p r ob l em are:  
at the outer  boundary  of the zone, 

V = ~ ,  F ' = i ,  F ' = 0 ;  

at the i nne r  boundary  of the zone, 

1:' ~ 0, F " = 0 .  

F o r  the Dem'yanov- -Shmanenkov  p rob lem:  
at the outer  boundary ,  

l ~. 7 " = 1 ,  F" 0: 

at the i nne r  boundary,  

F =: 0 /:' O. 

The appropr ia te  five boundary  condi t ions  for these 
p r o b l e m s  allow us to d e t e r m i n e  both the veloci ty  p ro -  
f i les  in the mix ing  zone, and the angula r  d i m e n s i o n  

of the zone i tself :  

( !J 'i q~ (1-, (! = : ; ) 

The differential equat ion (3) was solved numerically 
on a computer .  The r equ i r ed  va lues  of ~t sa t is f ) ' ing  
the eondi t ions  F '  = 0 or F = 0 (at ~)  appropr ia te  to the 
two types of boundary  condi t ions  were  found by 

l i n e a r  i n t e rpo la t ion  of the [~ obtained f rom the con-  
di t ion that the de r iva t ive  of re la t ive  veloci ty at ~ 

equals  zero.  
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Fig. i. Values of relative velocity on the streamlines Fs: a) 
for boundary conditions of the ToUmien problem (1--Cr~ = 
= 0.942, 2--0.843, 3--0.762, 4-0.444, 5--0.16, 6--0); b) for 
boundary conditions of the Dem'yanov-Shmanenkov problem 
(1--Cry= 0.834, 2--0.762, 3--0.643, 4--0.444, 5--0.16, 6--0). 
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Fig.  2. Var ia t ion  of Ft F = 0 
as a func t i on  of Cr~o: 1) w i t h  
6 * * / x  = 0; 2) 0.01; 3) 0.025; 

4) 0.05; 5) 0.10; 6) 0.15. 
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When t h e r e  i s  a s t agnan t  zone,  and i f  t h e r e  is  no 
m a s s  flow of gas  out of i t ,  the l ine  F = 0 i s  the  d iv id -  
ing s t r e a m l i n e ,  s e p a r a t i n g  the m a s s  of c i r c u l a t i n g  
gas  in the s t agnan t  zone f r o m  the m a s s  f lowing p a s t  
ou t s ide  the  s t agnan t  zone.  

When t h e r e  i s  a m a s s  f low G s f r o m  the s tagnant  
zone,  t h i s  zone b e c o m e s  " o p e n  n (the m o m e n t u m  of 
ex i t ing  gas  is  u sua l l y  neglec ted) .  In th i s  c a se  the 
d iv id ing  s t r e a m l i n e  i s  d e t e r m i n e d  f r o m  the condi t ion  

O, = gu~ p~ x- -P, .  (4) 

Va lues  of  the v e l o c i t y  f o r  F = F s at d i f f e ren t  
Crocco  n u m b e r s  of the e x t e r n a l  flow a r e  g iven  in 
Fig. i. 

We shall examine the influence of the initial bound- 

ary layer on the parameters of turbulent mixing. 

The v e l o c i t y  p r o f i l e  in the  mix ing  zone in the  p r e s e n c e  
of an i n i t i a l  bounda ry  l a y e r  b e c o m e s  s e l f - s i m i l a r ,  
beg inn ing  f r o m  a c e r t a i n  c o o r d i n a t e  x /6**.  Then  we 
m a y  d e t e r m i n e  the po ie  of s e l f - s i m i l a r i t y ,  l o c a t e d  
at  d i s t a n c e  x* f r o m  the  s e p a r a t i o n  poin t ,  f r o m  the 
condi t ion  tha t  the  to ta l  m o m e n t u m  and m a s s  f l o w r a t e  
of the  gas  at the  s e c t i o n  x = 0 fo r  the t r u e  boundary  
l a y e r  a r e  equal  to the m o m e n t u m  and m a s s  f l owra t e  
for  the  equ iva len t  s e l f - s i m i l a r  s e p a r a t e d  flow, 

Y Y 

PU~@ ]eq P 
g~ 0 

Y Y 

The po in t  with th i s  c o o r d i n a t e  m u s t  l i e  ou t s ide  the  
m i x i n g  zone o r  on i t s  o u t e r  edge.  

Div id ing  (5) by p ~ u  2 and (6) by p oou~o, and sub-  
t r a c t i n g  t e r m s ,  we f ina l ly  ob ta in  

Y~ 

5 " * =  I - -  u ~  ] ~ u ~  ) ~  1 . 
, , u ~  / _J eq 

0 ye 

Sine e 
y~ F~ 

~r �9 F ~  

the  d i s t a n c e  be tween  the po le  of the equ iva len t  flow 
and the s e p a r a t i o n  point  may  be e x p r e s s e d  in t e r m s  
of the  m o m e n t u m  t h i c k n e s s  of the  in i t i a l  boundary  

l a y e r  

x* = ~ * *  [ ( t  --~F')dF = ~**//eq. 
~ eq 

On the b a s i s  of the  m a s s  c o n s e r v a t i o n  equa t ion  
in the equ iva len t  flow be tween  the d iv id ing  s t r e a m l i n e  
and the  l i ne  ~ p a s s i n g  th rough  the l o w e r  bounda ry  of 

the mix ing  zone,  [ r  r  [ r  r 1 6 2  we 
have  x ' F 2 ( 0 )  = (x - x*)F2(x). Tak ing  account  of the 
fo rego ing  r e l a t i o n ,  we m a y  f ina l ly  wr i t e  

.r2 = f~ (0)/(~ +ieo, x / ~ * * ) .  (7) 

F o r m u l a  (7) p e r m i t s  us to d e t e r m i n e  the d i s p l a c e -  
meri t  of the  d iv id ing  s t r e a m l i n e  as  a funct ion of the  
m o m e n t u m  t h i c k n e s s  of the in i t i a l  boundary  l a y e r .  
F i g u r e  2 g ives  v a l u e s  of the ve loc i t y  on the  l ine  F = 
= 0 as  a funct ion  of 5** /x  fo r  the boundary  condi t ions  
of the T o l l m i e n  p r o b l e m .  In the  e a l c ~ a t i o n s  the  r e -  
l a t i on  or= 12 + 2 .578M~ was used.  

NOTATION 

x, y--longitudinal and transvelse coordinates; u, v-longitudinal 
and transverse velocity components; PrT--Prandtl number for tur- 
bulent boundary layer; 5"*- momentum thickness of initial 
boundary layer; b-width of mixing zone; o-parameter char- 
acterizing the propagation of turbulence; i0-stagnation enthalpy; 

' - 1  -croeeo ~  Sub,eript, 1, % 
and co denote, respectively, the outer and inner zone boundaries 
and the zero-gradient part of the flow. 
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